The main reason for the selection of single-carrier frequency division multiple access (SC-FDMA) modulation technique in mobile high data rate communications lays in its low value of peak-to-average power ratio (PAPR). If spatial modulation, a multiple-input multiple-output technique that achieves bitrate increase, is applied to the SC-FDMA system in its conventional form, the PAPR level is increased. Hence, based on previously mentioned, in this paper, we provide the general design criteria for low PAPR spatial modulation (LPSM) implemented in SC-FDMA systems with multiple transmit antennas. The straightforward generalization of LPSM is derived and it is shown that it requires the number of transmit antennas to be doubled in order to add another bit in the spatial component. Based on that, the alternative generalized technique with higher number of spatial bits is proposed. As these techniques present single-stream generalizations, the approach with multiple-streams is proposed as well. After PAPR and performance comparisons, it is concluded that single-stream techniques outperform multiple-stream techniques in the cases of low overall data rate, whereas multiple-stream approach is better in high overall data rate scenarios. All proposed techniques maintain low PAPR level on all transmit antennas.
Introduction
Spatial modulation (SM) has been introduced recently as an attractive multiple-input multiple-output (MIMO) technique that achieves bitrate increase [1, 2] . It has been initially proposed for the conventional quadrature amplitude modulation (QAM) or phase shift keying (PSK) single-carrier modulations in flat fading channels [1] . In SM, each QAM/PSK symbol is transmitted via only one antenna and the receiver detects the QAM/ PSK symbol and the active transmit antenna. Therefore, the index of transmit antenna is used for the transmission of the additional bits. The selection of the active antenna is performed after the amplifier and the transmitter has only one radiofrequency (RF) chain. As the narrow subchannels in orthogonal frequency division multiplexing (OFDM) can be considered as flat fading channels, the migration to OFDM is straightforward and has been given in [2] . The benefit of low complexity transmitter is lost in OFDM and the transmitter requires the number of RF chains to be equal to the number of transmit antennas [3] . Hence, the main benefit of SM in OFDM is in performance gain [2] .
The generalization of SM that uses multiple active transmit antennas, regarded as a generalized SM (GSM), has been studied in the literature [4] [5] [6] [7] [8] . In GSM, the transmitter activates the subset of transmit antennas. In general, the two approaches have been used. In the first approach [4, 5] , regarded as a single-stream GSM, only one QAM/PSK sequence is created and each QAM/PSK symbol is transmitted via the selected subset of transmit antennas. Hence, all active antennas transmit the same QAM/PSK symbol. In the other approach [6] [7] [8] , regarded as a multiple-stream GSM, multiple QAM/PSK sequences are generated and each sequence is transmitted via one of the active antennas. There are as many QAM/PSK sequences as there are antennas in the subset. Thereby, in one symbol period, multiple QAM/PSK symbols are transmitted via multiple active antennas belonging to the subset, one symbol per antenna, and the other antennas are inactive. Multiple-stream GSM can be regarded as a combination of SM and spatial multiplexing. A detailed analysis of GSM is given in [9] . SC-FDMA is an OFDM-based modulation and multiple access technique characterized by the low value of peak-to-average power ratio (PAPR) of output signal and the performance similar to OFDM [10] . Hence, it is suitable for the implementation in the uplink of mobile communications and has been selected in long-term evolution (LTE) standard [11] . In order to be suitable for practical usage, any MIMO technique implemented in SC-FDMA has to maintain low PAPR level on all transmit antennas. The issue of PAPR in SC-FDMA has been studied recently in [12] [13] [14] [15] .
Recently, in [16] , it has been shown that the conventional SM is not suitable for SC-FDMA as it increases PAPR and low PAPR SM (LPSM) has been proposed. The cases of two and four transmit antennas have been studied and it has been shown that LPSM shows good performances in different channel models for different receivers while maintaining low PAPR level on all transmit antennas. As it is the case for SM in OFDM, LPSM in SC-FDMA requires as many RF chains as transmit antennas. In the conventional SM, the output signal can be presented as a multiplication of the QAM/PSK symbol with a vector consisting one for the active antenna and zeros for all the others. The additional information is placed in the index of the active antenna. However, in LPSM, the output signal is generated by a multiplication of the QAM/PSK symbol with a vector consisting complex coefficients of the equal amplitude levels and predefined phases for all antennas. Therefore, output signal is obtained as phase shifted QAM/PSK symbol normalized in order to maintain the same output power level. The equal amplitude level preserves the PAPR level of SC-FDMA signal on all antennas, whereas phase shifts introduced with the multiplication are used for conveying the additional bits in the spatial component. The receiver extracts the bits from the spatial component by determining all phase shifts from all transmit antennas. Therefore, LPSM can be considered as a coding performed as a multiplication of QAM/PSK symbols with the corresponding vector of LPSM coding coefficients. However, it is not a space-time coding technique as it does not provide diversity.
To the best of our knowledge, the generalization of SM in SC-FDMA has not been studied. As the conventional SM increases PAPR, in this paper we studied LPSM further, observing the cases with multiple transmit antennas, i.e., more than four, to create an acceptable generalized SM for SC-FDMA. The main constraint is that the PAPR level has to be preserved. As it has been shown in [16] , the low PAPR condition in SC-FDMA requires that all transmit antennas are active all the time. Therefore, the conclusions from GSM cannot be applied in the same manner to LPSM as a subset of active transmit antennas cannot be used. However, the approaches of single and multiple streams can be considered and adapted to LPSM.
The contributions of this paper are the generalizations of LPSM for the cases of multiple transmit antennas with single and multiple streams. In the single-stream generalized LPSM (SS-GLPSM), a single QAM/PSK sequence is generated and generalized LPSM coding is performed over all transmit antennas and the proof for optimal coefficients selection is given. This can be observed as a straightforward generalization of LPSM for the case of more than four transmit antennas. In this case, as in the conventional SM, the number of bits conveyed in the spatial component grows logarithmically with the number of antennas and in order to add another bit in the spatial component, the number of transmit antennas must be doubled. Therefore, in addition to SS-GLSPM, we propose generalized SS-GLPSM (GSS-GLPSM) that places more bits in the spatial component for the same number of transmit antennas to overcome this limitation.
Alternative approach to increase the number of overall bits is proposed as multiple-stream generalized LPSM (MS-GLPSM) where multiple QAM/PSK sequences are generated and each sequence is SS-GLPSM-coded over the subset of transmit antennas and transmitted via the defined subset. The union of all subsets spans over all transmit antennas. This can be seen as a combination of LPSM and spatial multiplexing. The main challenge of this approach is the interference between the streams, hence more complex receivers with interference cancelation should be used.
Hence, the novelties of this paper are as follows:
-The straightforward generalization of LPSM [16] to the case of multiple transmit antennas, denoted as SS-GLPSM, and the proof for the optimal coding coefficients selection; -The alternative generalization of LPSM that places more bits in the spatial component, denoted as GSS-GLPSM; -The combination of LPSM and spatial multiplexing, denoted as MS-GLPSM.
It is worth noting that, in this paper, GLPSM is considered as an open-loop MIMO technique and the transmitter does not have the information about the conditions in the channels. Furthermore, GLPSM maintains the PAPR level of the conventional SC-FDMA signal, hence it is not an PAPR reduction technique [17] [18] [19] .
The paper is organized as follows. Section 2 of this paper provides the system model and SS-GLPSM with optimal coefficients is presented. GSS-GLPSM, an alternative of SS-GLPSM that conveys more bits in the spatial component, is presented in Section 3. The approach with multiple streams, denoted as MS-GLPSM, is presented in Section 4. Any MIMO technique, aimed to be used in SC-FDMA, has to maintain the PAPR level at the acceptable level, therefore in Section 5, that provides the results and discussion, PAPR comparison is given prior to the performance comparison. The paper is concluded in Section 6. The mathematical proof for optimal coefficients selection and the table of coefficients for eight transmit antennas are given in Appendix A and Appendix B in Section 7.
Notation: italic symbols denote scalar values and bold symbols denote vectors/matrices; (•) H is Hermitian vector/ matrix; I M denotes M × M identity matrix; j is imaginary unit; ‖•‖ F denotes Frobenius norm of a vector/matrix; E{•} denotes the expected values; and Pr(•) denotes the probability.
Single Stream GLPSM

System model
As SC-FDMA is an OFDM-based technique, GLPSM requires as many RF chains as the transmit antennas, i.e., N T [16] . Hence, there are N T output amplifiers and all transmit antennas are simultaneously active. In analogy to [16] , GLPSM coding in SC-FDMA is implemented as a multiplication of QAM/PSK symbol with the corresponding coding coefficients for all transmit antennas. Unlike the conventional SM, all QAM/PSK symbols are transmitted via all transmit antennas simultaneously and the additional spatial bits are not in the index of the active transmit antenna, but in the coding coefficients of all antennas.
The transmitter block scheme for the case of N T transmit antennas is presented in Fig. 1 .
It is assumed that the user occupies M out of N available subcarriers and the underlying modulation is QAM (or PSK) with the constellation size 2 L . Let K denote the number of bits to be placed in the spatial component. Input bit sequence, consisting of M(L + K) bits, is divided into two groups. The first group of ML bits is mapped to M QAM/ PSK symbols sequence fs ðiÞ g M i¼1 , and the remaining MK bits, fb
, are used for GLPSM coding. As in the conventional SM, the GLPSM coding is performed per QAM/PSK symbol, hence the subsequences of L and K bits are used for the coding in a way that L bits are used for QAM/PSK modulation and K bits are used for GLPSM coding for the corresponding QAM/PSK symbol. GLPSM coding, as presented in Fig. 1 , is performed as a multiplication of QAM/PSK symbol and a spatial symbol. Here, we define the spatial symbol in analogy to the transmit antenna index in the conventional SM, as a vector of complex coding coefficients that is used for conveying bits in the spatial component. Therefore, K bits are used for the selection of the spatial symbol and GLPSM coding is performed. For each transmit antenna t, t = 1, 2, …, N T , GLPSM coding is performed by multiplying the QAM/ PSK symbol with the corresponding coding coefficient placed on tth position in the spatial symbol vector.
As in the conventional SM, the number of transmit antennas is equal to the number of spatial symbols, i.e., N T = 2 K , therefore, a spatial symbol carries K bits. Hence, if K bits are mapped to p, where p = 0, 1, …, N T − 1, then the spatial symbol can be written as a vector W p ¼ ½a 1;p ; Fig. 1 The block scheme of the proposed SC-FDMA SS-GLPSM transmitter with N T antennas. The input bit sequence is divided into two subsequences. The first is used for QAM/PSK mapping and the second for the selection of the spatial symbol. For each transmit antenna, the QAM/PSK symbol is multiplied with the corresponding GLPSM coding coefficient. After that, independent SC-FDMA modulations are performed for each transmit antenna (2020) 2020:44 a 2;p ; …; a N T ;p . This implies that K bits can be considered as spatial bits. Further, if we define the GLPSM symbol as a product of the QAM/PSK symbol s and the spatial symbol W p , then the GLPSM symbol can be written as v p, s = sW p . Hence, the GLPSM symbol is a vector of length N T , consisting of products of a QAM/PSK symbol s and the spatial symbols coefficients, as presented in Fig. 1 .
If we denote L the number of bits transmitted via QAM/PSK symbol then the constellation size of QAM/ PSK modulation is 2 L and as the number of spatial symbols is 2 K , there are 2 L + K possible GLPSM symbols. This implies that the number of bits per subcarrier in one SC-FDMA symbols is increased from L to L + K.
After GLPSM coding, SC-FDMA modulation is performed. For all N T transmit antennas, each block of M outputs of the multiplications is transformed to the frequency domain using M-point FFT (fast Fourier transform). Prior to the N-point inverse fast Fourier transform (IFFT) operation, N − M zeros are padded for the unused subcarriers. The outputs of IFFT operations are blocks of N samples in the time domain. After the cyclic prefix insertion, the output signals are amplified and transmitted via each transmit antenna. It can be concluded that with GLPSM, one SC-FDMA symbol transmits M(L + K) bits, providing an increase of MK bits per SC-FDMA symbol. It is worth noting that one SC-FDMA symbol transmits M GLPSM symbols.
Different receivers for SS-GLPSM can be derived directly from the receivers given in [16] . However, for the sake of simplicity, in this paper only linear minimum mean-square error (MMSE) receiver [16] is considered. After the channel state estimation, the receiver equalizes the signal using MMSE and detects the GLPSM symbol per subcarrier. As there are 2 L + K possible GLPSM symbols, the receiver finds the nearest GLPSM symbol and makes the decision of L + K bits.
Coding coefficients selection
After the GLPSM coding scheme is presented, the optimal values for the coding coefficients have to be found. If K bits are mapped to p, then the transmitter transmits the corresponding QAM/PSK symbol over all transmit antennas, multiplying it with the coefficients a t, p for each transmit antenna t (t = 1, 2, …, N T ). Hence, there are N T 2 coefficients to find. As mentioned, GLPSM is considered in this paper as an open-loop MIMO technique, i.e., the transmitter does not have the channel state information. Therefore, the criteria for the selection of optimal values for the coefficients a t, p are the maximization of the minimum distance between any two possible GLPSM symbols. This is similar to the approach in [20] where closed-loop SM is considered and the minimum distance is maximized at the receiver side. However, in this paper open-loop MIMO is considered and the minimum distance is maximized at the transmitter side.
Using the same approach as in [16] , it can be easily shown that in order to preserve low PAPR of all output signals and to avoid amplitude fluctuations, all coefficients must have the same absolute value. Assuming unitary total output power, it can be shown that for all a t, p , ja t;
has to be satisfied. It is hard to obtain PAPR analytically [4] , therefore PAPR is analyzed in Section 6 via simulation outcomes and it is confirmed that the low PAPR level is preserved on all transmit antennas.
Therefore, we have
where φ t, p are the phases of the corresponding coding coefficients and the optimal values for the phases have to be found.
As there are many different QAM/PSK modulations, there is no general expression for the scalar s that presents QAM/PSK symbol. However, for all common modulations, it can be assumed that the constellations are symmetric with respect to the origin and hence, for every QAM/PSK symbol s, there is also a symbol -s.
In order to find the optimal values for the coefficients, three cases can be distinguished.
1) The distance between two GLPSM symbols when their spatial symbols are equal.
Let s i and s k denote two different QAM/PSK symbols. The squared distance between any two GLPSM symbols is
As all coding coefficients have the same absolute value, the distance does not depend on the phases.
2) The distance between two GLPSM symbols when their spatial symbols are different and QAM/PSK symbols have the same absolute value.
Let p ≠ q (p, q = 0, 1, …, N T − 1), defining different spatial symbols W p and W q , and let s i and s k denote two, not necessarily different, QAM/PSK symbols of the same absolute value. In that case, s k can be written as s k = s i e jα and the squared distance between the GLPSM symbols is 
As there are many different QAM/PSK modulations that can be used, α can have different values.
The spatial symbols W p consist of N T complex coding coefficients of the equal absolute values. Therefore, they can be written as vectors of length 2N T consisting of real values
Further follows
In order to maximize the distance, the value A defined as
has to be minimized. Eq. (6) can be written as
As the phase difference between s i and s k is α, the difference between s i and −s k is α + π. Here, we use the existence of a QAM/PSK symbol symmetric with respect to the origin. Therefore, for the distance between s i and −s k , we have to minimize the value B defined as
Minimizing (7) and (8) for various α implies that
has to be satisfied. Further, it can be concluded that the phase difference between any two spatial symbols, rather than the actual phases, is relevant. From (9), it can be easily shown that for any phase shift β,
This implies that rotating all phases of one spatial symbol by any phase shift does not affect its distances from other spatial symbols. Hence, without loss of generality, it can be assumed that the phases of the first antenna for all spatial symbols are equal and φ 1, p = 0.
Then, the spatial symbols can be written as
As the first two components are irrelevant for the distances, the new vectors, consisting of 2(N T − 1) real values, can be created:
These N T vectors are points on the sphere of radius ffiffiffiffiffiffiffiffi ffi
the origin. As the number of transmit antennas is always greater than 1, the number of vectors, i.e., points, is lesser than the number of dimensions. It is proved in Appendix A that the minimum distance between any two points is maximized when the points form a regular simplex. When the phases are selected as:
Then vectors given in (12) are vertices of a regular simplex with the centroid in the origin.
3) The distance between two GLPSM symbols when their spatial symbols are different and QAM/PSK symbols do not have the same absolute value.
Let p ≠ q (p, q = 0, 1, …, N T − 1), defining different spatial symbols W p and W q , and let s i and s k denote two QAM/PSK symbols of different absolute values. Without loss of generality, s k can be written as s k = s i me jα where α is the phase shift and m is a real-valued constant, m > 1. Then, the distance between the GLPSM symbols is
Further, let s l denote a symbol of the same absolute value as s i . This symbol always exists because there is at least the symbol symmetric with the respect to the origin. If the phase difference between s i and s l is γ, then the distance between them for the same spatial symbols equals
QAM/PSK symbols s i and s l have the same absolute value, as in the case (2), hence the phase shift for any spatial symbol can be introduced without affecting the distances, as shown in (10) . After introducing a phase shift α − γ to D 2 ð2Þ follows
If the angle between W p and e jα W q is named δ, then from (14) and (16) we have
and
Using |W p | = |W q | = 1 and subtracting (18) from (17) follows
As m > 1, it implies D 2 ð3Þ > D 2 ð2Þ . Hence, the minimum distance in case (3) is always greater than the minimum distance in case (2) and, therefore, it is not relevant for the maximization of the minimum distance.
After studying all three cases, it can be concluded that the maximization of the minimum distance between possible GLPSM symbols is achieved for the phases given in (13) .
The proposed scheme is regarded as SS-GLPSM and is a straightforward generalization of LPSM proposed in [16] and LPSM can be considered as a special case SS-GLPSM for the cases of two and four transmit antennas.
As mentioned earlier, MMSE receiver is used in this paper. Therefore, after MMSE equalization is performed [16] , the receiver creates the vector of N T equalized signals and finds the nearest possible GLPSM symbol. The number of possible GLPSM symbols is 2 L + K , hence the receiver calculates 2 L + K possible distances to make a decision. This decisioning is performed per subcarrier per SC-FDMA symbol.
As an example, the case of eight transmit antennas is presented in Appendix B. From (1) and (12) , N T = 8 implies that a t;p ¼
…, 8 and p = 0, 1, …, 7. The coding coefficients, a t, p , for this case are presented in Table 3 in Appendix B. However, as concluded previously, the rotation of all phases of one spatial symbol by any phase shift does not affect its distances from other spatial symbols hence any spatial symbol can be further rotated. For the sake of clarity, we do not observe any phase shifts in this case and all spatial symbols have the same phase on the first antenna (t = 1). Furthermore, regarding the Table 3 from Appendix B, if, e.g., QAM is used and s ½00 ¼ e j π 4 (corresponding to the transmission of bits [00]) and p = 5 (corresponding to the transmission of bits [101] in spatial components), the transmitter sends five bits by sending the signal:
r e j π 4 ; e j 3π 2 ; e j 3π 4 ; 1; e j 5π 4 ; e j π 2 ; e j 7π 4 ; −1 h i ð20Þ via its eight transmit antennas.
As MMSE is used, the receiver creates the vector of eight equalized signals and finds the nearest possible GLPSM symbol. The number of possible GLPSM symbols is 2 5 = 32, hence the receiver calculates 32 possible distances to make a decision about transmitted QAM symbol and spatial bits.
Generalized single-stream GLPSM
As shown in Section 2, SS-GLPSM transmitter with N T = 2 K transmit antennas conveys K bits in the spatial component. Hence, the number of transmit antennas must be doubled in order to add another bit in the spatial component. To overcome this limitation, we propose GSS-GLPSM technique that places more than K bits in the spatial component. The system model is the same as in Fig. 1 .
Unlike p = 0, 1, …, N T − 1, defined in Section 2, we define p G = 0, 1, …, 2 P − 1, where P is the number of bits to be placed in the spatial component, i.e., the spatial bits. In this case, we consider P > K, hence the number of spatial symbols is increased from N T to 2 P and the number of spatial bits per spatial symbol is increased from K to P. Using the approach from Section 2, in analogy to (1), we define
where, in analogy to (13), 
The previous section has proven the optimality of these definitions in the case P = K, while the empirical results, provided in Section 6, will justify the analogous definitions for P > K. Using this approach, P, instead of K, spatial bits are transmitted via spatial symbol. Hence, the number of spatial symbols is increased for the same number of transmit antennas. In comparison to SS-GLPSM for the same overall bitrate, as more bits are transmitted via spatial component less bits are transmitted via QAM/PSK symbols and more robust QAM/PSK modulation can be used.
The difference, in comparison to SS-GLSPM, is in the number of spatial symbols and the constellation size, hence the receiver for GSS-GLPSM is the same as in SS-GLPSM. Only simple linear MMSE receivers [16] are considered in this paper.
Multiple stream GLPSM
Another approach for avoiding the limitation observed in Section 2 is to combine GLPSM with spatial multiplexing [21] . In this case, multiple streams are generated and SS-GLPSM is used for each of them. This approach is proposed in this section as MS-GLPSM. The block scheme of the MS-GLPSM transmitter is given in Fig. 2 .
In this technique, the set of N T transmit antennas is divided into S subsets of N S antennas, i.e., N T = SN S . Further, each of the subsets is used for independent SS-GLPSM coding, discussed in Section 2, and carries independent QAM/PSK symbol sequence. If N s ¼ 2 K S , then each subset carries K S bits in the spatial component. For simplicity, it can be assumed that all QAM/PSK sequences use the same modulation that maps L bits to the QAM/PSK symbol. The number of subsets, S, presents the number of streams. The input bit sequence, consisting of MS(L + K S ) bits, is divided into S streams of M(L + K S ) bits that are further coded independently according to SS-GLPSM described in Section 2. Hence, MS-GLPSM conveys S(L + K S ) bits per subcarrier, whereas SS-GLPSM carries L + K.
It is worth noting that, as GLPSM is regarded as an open-loop MIMO technique, the transmitter has no knowledge of the conditions in the channel, hence it is irrelevant how the grouping of antennas into the subsets is performed. For the simplicity, it is assumed that antennas t = 1, 2, …, N S belong to the first subset, antennas t = N S + 1, N S + 2, …, 2N S belong to the second subset, etc. If N R denotes the number of receive antennas, then all S streams are received on all N R antennas.
Unlike SS-GLPSM and GSS-GLPSM, this technique suffers from the interference between the streams, as it is the case in spatial-multiplexing techniques, such as V-BLAST (vertical-Bell Laboratories layered space-time) [21, 22] . Therefore, besides using a simple MMSE receiver, a significant performance gain can be achieved using the receivers with interference cancelation techniques, well-known from V-BLAST [21] [22] [23] [24] , that can be applied to MS-GLSPM receiver in a similar fashion. In this paper, we studied ordered successive interference cancelation (OSIC) technique and, in accordance to MMSE receivers considered in Sections 3 and 4, MMSE equalization with OSIC is considered.
In accordance to V-BLAST [21, 22] , the OSIC receiver performs a simple linear MMSE equalization to obtain Fig. 2 The block scheme of SC-FDMA MS-GLPSM transmitter with N T antennas. In this case, the input bit sequence is divided into 2S subsequences, where S is the number of streams. Two subsequences, as it is the case for SS-GLPSM, are used for each stream for SS-GLPSM coding. MS-GLPSM transmitter can be observed as S SS-GLPSM transmitters, each occupying its subset of antennas the initial decision. For OSIC receiver, it is necessary to have an ordering criterion, hence the streams are ordered in descending order starting from the strongest stream. Let H (i) denote an N R × N T subchannel matrix for the ith subcarrier and its elements, H ðiÞ r;t , denote the complex channel gain on the ith subchannel between tth transmit and rth receive antenna. Further, let G (i) denote the corresponding equalization matrix of matrix H (i) . As MMSE is considered in this paper, we use the approach similar to [22] :
where SNR is the signal-to-noise ratio, assumed to be known at the receiver side. The matrix G (i) is of size N T × N R and let G ðiÞ t;r denote the elements of the matrix G (i) . The elements G ðiÞ t;r are the equalization coefficients for ith subcarrier on the channel between tth transmit and rth receive antenna. Let G ðiÞ s denote the submatrix of G (i) of size N S × N R for sth stream, where s = 1, …, S. As sth stream spans over antennas t = (s − 1)N S + 1, (s − 1)N S + 2, …, sN S , the submatrix G ðiÞ s consists of these rows. The stream is considered as the strongest stream if the sum of its squared Frobenius norms over all subcarriers is the lowest. For the sth stream:
denotes the ordering coefficient that corresponds to the sum of squared absolute values of all subchannel equalization coefficients of the observed stream. For the stream with greater absolute channel gains, the equalization coefficients are lower. The part of (24) inside the brackets presents the squared Frobenius norm of the submatrix G ðiÞ s . Unlike OFDM, each subcarrier in SC-FDMA carries all QAM/PSK symbols, hence it is necessary to sum over all subcarriers.
After obtaining the ordering coefficients, the strongest stream is detected first and its decision with corresponding channels is subtracted from the received signals. This process is repeated until all streams are detected [21] [22] [23] . The obtained coefficients cover the duration of one SC-FDMA symbol, consisting of MS(L + K S ) bits. Therefore, the calculation of the coefficients in (24) and the ordering is performed per SC-FDMA symbol.
Discussion and results
PAPR comparison
In order to evaluate the proposed techniques, in this section we compared the PAPR curves of the proposed techniques with single transmit antenna SC-FDMA and OFDM, as their PAPR curves are well known [4] .
In this paper, discrete-time PAPR [19, 25] is considered. If the discrete-time sampled transmitted signal is presented as a vector x = [x 1 , x 2 , …, x N ] T , then PAPR of the signal can be defined as
The PAPR is usually measured using the complementary cumulative distribution function (CCDF) [25] . CCDF expresses the probability that PAPR is greater than the level PAPR 0 :
For the comparison, 16-QAM underlying modulation was used and the user occupied M = 96 subcarriers (or eight LTE resource blocks) out of N = 512 (5 MHz LTE channel). No shaping filters were used. Figure 3 presents PAPR curves for the proposed SS-GLPSM, GSS-GLPSM, and MS-GLPSM scheme for N T = 8 transmit antennas in comparison to OFDM and SC-FDMA.
Although all antennas for the proposed techniques have similar PAPR curves, for the sake of clarity, only antenna 3 is presented. It can be concluded that all three techniques maintained the PAPR levels of the underlying QAM/PSK modulation, i.e., 16-QAM. As SC-FDMA signal is the oversampled QAM/PSK signal, the conclusion is that the PAPR level for any of the three proposed GLPSM techniques is determined by the underlying modulation and it is not affected by the GLPSM technique. Furthermore, the number of streams in MS-GLPSM does not affect the PAPR levels.
However, it is worth noting that the overall data rates in the observed cases are different. SS-GLSPM conveys K = 3 bits in the spatial component, because N T = 8, hence its overall data rate is 7 bits per subcarrier per SC-FDMA symbol. GSS-GLPSM places P = 4 bits in the spatial component achieving 8 bits per subcarrier per SC-FDMA symbol overall data rate. For MS-GLPSM, the cases with S = 2 and S = 4 are considered. For S = 2, both streams convey K S = 2 bits in the spatial component, resulting in 2 (2 + 4) = 12 bits per subcarrier per SC-FDMA symbol. For S = 4, K S = 1 bit is placed in the spatial component, resulting in 4 (1 + 4) = 20 bits per subcarrier per SC-FDMA symbol. This implies that PAPR curves are determined by the underlying QAM/PSK modulation and not by the GLPSM technique or the number of streams.
Performance comparison
After confirming that the PAPR levels are unchanged when GLPSM is applied to SC-FDMA, the performance comparison is performed. In order to have a fair comparison, data rates in this case are the same for all techniques. Furthermore, the equal number of transmit and receive antennas in all techniques is considered. For the sake of simplicity, it is assumed that the system has perfect synchronization and the receiver has perfect channel estimation.
The conventional V-BLAST [21] , implemented in SC-FDMA, is observed as a well-known spatial multiplexing technique. The implementation of spatial multiplexing with successive interference cancelation receivers in SC-FDMA is covered in [26] [27] [28] . The transmitter splits QAM/PSK sequence into N T subsequences and performs N T separate SC-FDMA modulations. Each subsequence is transmitted from its antenna. All subsequences are placed on the same block of subcarriers and transmitted simultaneously from the separate antennas, hence pose the interference to each other. For clarity, we used an approach similar to the receiver presented in Section 4. Therefore, at the receiver side, after simple linear equalization, e.g., MMSE, the strongest component is detected and subtracted from the received signals. This process is repeated until all N T subsequences are detected. Similarly to (24) , the strongest transmit antenna is obtained after calculating the ordering coefficients:
where t = 1, 2, …, N T is the index of the subsequence, or corresponding transmit antenna, and G ðiÞ t denotes tth row of the matrix G (i) given in (23) . The transmit antenna with the lowest Θ t is selected as the strongest. Therefore, V-BLAST model can be seen as an MS-GLPSM model with N T streams and each stream is conveyed via its single assigned antenna, hence without the bits transmitted in the spatial domain. The first comparison is performed in EVA-70 (Extended Vehicular A) [29] channel model for the case of 8 × 12 MIMO. As SC-FDMA is used in LTE uplink, it is expected that the receiver, a base station, will accommodate a greater number of antennas than the transmitter, hence N R = 12 is selected. In this, all other comparisons, it is assumed that the channels are uncorrelated. The overall data rates are equal in all cases to 8 bits per subcarrier per SC-FDMA symbol and the parameters of the observed models are given in Table 1 .
As given in previous sections, the parameters K and P present the number of spatial bits, whereas K S is the number of spatial bits per stream.
In all six models, the simple linear MMSE receiver is considered. The user occupied M = 60 subsequent subcarriers (or 5 LTE resource block) out of N = 512. The performance comparison is obtained via simulations and presented in Fig. 4 . The numbers in brackets, given in Figs. 4, 5, 6, and 7, are the numbers of models given in the corresponding tables.
It can be concluded that the models 1, 2, and 3 with single stream GLPSM show significantly poorer performances than the other models. The model 2 with 4 bits in the spatial domain and 4 bits in the constellation achieves the best performances of all single stream GLSPM models, around 1 dB better than the other techniques. A significant performance gain is achieved using multiple streams and the model 4 with two streams shows performances around 1 dB better than V-BLAST. For the models 4 and 5, substreams have two and four antennas per stream, respectively, hence LPSM [16] coding, the special case of SS-GLPSM, is used.
It is worth noting that the single stream GLPSM techniques require higher order underlying modulations that, in general, have greater PAPR values [30, 31] . Hence, for better evaluation of the techniques, the PAPR comparison of the models is given in Fig. 5 and, for the sake of clarity, only antenna 3 is presented. It can be noted that PAPR curves are determined by the underlying modulation, hence PAPR curves for models 1 and 2 overlap and the curves for the model 3 and 4, and 5 and 6 respectively. The main conclusion is that MS-GLPSM shows better performance than the other observed techniques (Fig. 4) , including V-BLAST, and maintains good PAPR curves (Fig. 5) .
LTE specifications define QPSK (quadrature PSK) and 16-QAM, hence we introduced 32-QAM, 8-PSK, and BPSK (binary PSK) in a similar fashion. In order to avoid transitions through zero in BPSK, that causes PAPR increase, in this paper we considered π/2 BPSK, as it was defined in the earlier LTE specifications [32] . Hence, the models 5 and 6 utilize π/2 BPSK that achieves the same performances as the conventional BPSK for significantly lower PAPR value.
As mentioned in Section 5, when multiple streams exist, a significant performance gain can be achieved using OSIC receiver. In the performance comparison presented in Fig. 6 , simple MMSE and OSIC receivers for the models 4, 5, and 6 from Table 1 are considered. In this case, ETU-70 (extended typical urban) [29] channel model is considered, with all the other simulation parameters same as in the previous comparison. Singlestream GLPSM techniques are not considered as they cannot benefit from OSIC receiver.
The model 4, MS-GLPSM with two streams, shows better performance than V-BLAST for both types of receivers, whereas MS-GLPSM with four streams is slightly worse. A significant performance gain is achieved when OSIC receiver is used, for all three models.
In the last comparison, lower data rate of 6 bits per subcarrier per SC-FDMA symbol is considered. In this case, V-BLAST is not considered, only the proposed techniques are compared, and the results are presented in Fig. 7 . The simulation parameters are shown in Table  2 . EPA-5 (extended pedestrian A) [29] channel model is used and the channels are uncorrelated.
In this case, SS-GLPSM with simple MMSE achieves performances similar to MS-GLSPM with OSIC receiver and is significantly better, around 1 dB, than the two other techniques with the same type of receiver. However, it is worth noting that the PAPR curves are determined by the underlying QAM/PSK technique, therefore it implies that model 3 has better PAPR curves that the first two models.
Conclusion
This paper presents GLPSM, a low PAPR SC-FDMA MIMO technique. After presenting three implementations, SS-GLSPM, GSS-GLPSM, and MS-GLPSM, it is confirmed via simulations that the low PAPR level is maintained on all transmit antennas for all techniques. In general, the best technique of the three proposed depends on the overall data rate. For higher Table 1 . In order to have a full comparison of the techniques given in Table 1 , after performance comparison presented in Fig. 4 . PAPR comparison of the techniques is given. As the PAPR curves are determined by the underlying modulation, SS-GLPSM and GSS-GLPSM have higher PAPR levels because high order modulations have to be used. Techniques with multiple streams, MS-GLPSM or V-BLAST, utilize low order modulations that inherently provide better PAPR curves Fig. 6 Performance comparison for MS-GLPSM and V-BLAST for MMSE and OSIC receivers. As the significant performance gain in the cases of multiple streams can be achieved using OSIC receiver, the performance comparison is given for MS-GLPSM SC-FDMA and V-BLAST SC-FDMA when MMSE or OSIC receivers are used. The cases of two and four streams are presented for MS-GLPSM. All parameters are given in Table 1 .
Channel model is ETU-70 Fig. 7 Performance comparison for SC-FDMA GLPSM techniques with the parameters given in data rates, single stream techniques require large, hence less robust, underlying modulations and show significantly poorer performance than V-BLAST or MS-GLPSM. Furthermore, high order underlying modulations have higher PAPR values. The best performances are achieved when the same number of bits is transmitted in the spatial component and in the constellation symbol. Therefore, single stream techniques show good performances in low data rate cases and PAPR values are acceptable. MS-GLPSM splits antennas into subsets and achieves better performances in the cases of higher data rates. It even shows better performance than V-BLAST. As it is the case in V-BLAST, a significant performance gain can be achieved using more complex OSIC receiver.
Appendix A
Theorem: N T vectors, given in (12) , with the phases given in (13) are vertices of a regular simplex with the centroid in the origin.
Proof: Firstly, using the fact that all vertices are points on the sphere centered in the origin, it can be shown that the centroid of the polytope is in the origin, since the arithmetic mean for any coordinate is
where C odd t is a coordinate on the odd position of the centroid and C even t is on the even position. As the centroid is located in the origin, it can be easily shown that the distances of all vertices from the centroid are equal and they are equal to the radius of the sphere, i.e., for every p,
It is worth noting that, although the space is 2(N T − 1) dimensional, the simplex is N T − 1 dimensional as it has N T vertices. This implies that a regular simplex is formed when the angle subtended by any two vertices through the centroid is equal to cos −1 −1 N T −1 . In order to prove this, the scalar product of any two vectors W ½2ðN T −1Þ p and W ½2ðN T −1Þ q , where p, q = 0, 1, …, N T − 1 and p ≠ q, is observed:
It follows that
The proposed phases (13) satisfy the condition (9), because the differences of phases present the angles of the vertices of the regular polygon centered in the origin. It implies that the first part in brackets in (32) equals 0, hence it follows that
Using (30), the angle between the two vectors, Φ p, q , can be obtained from
From (28), (29) , (30) , and (34), it can be concluded that N T points form a regular simplex for the phases proposed in (13) .
Therefore, the maximization of the minimum distance is achieved for the phases given in (13) .
Appendix B
The coding coefficients, a t, p , for SS-GLSPM for the case of of eight transmit antennas is presented in Table 3 . 
